We construct a theoretical framework to match the formulas for forward inclusive hadron productions in pA collisions in the small-x saturation formalism and collinear factorization. The small-x calculation can be viewed as a power series in Q 2 s /k 2 ⊥ , in which the collinear factorization result corresponds to the leading term. At high transverse momentum, the subleading correction terms are insignficant, whereas at low p ⊥ , the power corrections become important and the small-x resummation is essential to describe the differential cross section. We show that the familiar collinear factorization calculation can smoothly match the results from small-x factorization at next-to-leading order in αs when we use exact kinematics, as opposed to the approximate kinematics in previous work. With this matching, we can describe the experimental data from RHIC very well at high p ⊥ .
[quark] (xp what happened in the phenomenological small-x calculations for these observables in the last few years prior to pA collisions at the LHC. The goal of this paper is to build a consistent and rigorous framework to match the small-x saturation formalism and the collinear factorization for forward inclusive hadron productions in pA collisions. We find that by taking the exact kinematics for finite √ s into account, we obtain a result from collinear factorization which smoothly matches to the next-to-leading order small-x factorization result. Under the exact kinematics, we find complete agreement for all partonic channels between these two formalisms at sufficiently high energy when t-channel gluon exchanges become dominant.
Our approach is based on theoretical calculations for two-particle production in forward pA collisions in the smallx factorization formalism [25, 26] . It has been shown that they lead to a consistent picture for the differential cross sections in the so-called correlation limits, as compared to the collinear (and transverse momentum-dependent) factorization calculations for the same observables. When we integrate out the phase space of one particle in the two particle differential cross section, we obtain the formula for single inclusive hadron production at large transverse momentum. This naturally provides us a matching with the collinear factorization calculation for inclusive hadron production in pA collisions. In particular, the collinear factorization result is the leading power expansion in Q 2 s /k 2 ⊥ of the formulae derived in the small-x formalism. Through a detailed analytical comparison, we build a systematic and complete connection to the collinear factorization of the calculation in the small-x formalism. This connection will strengthen the predictive power of the calculations which take into account small-x physics.
II. MATCHING COLLINEAR FACTORIZATION AND SMALL-x FACTORIZATION
We start with the two-particle cross section, derived in Refs. [17, 18, [25] [26] [27] , which exhibits perfect matching between the small-x and collinear factorization results for the two final state particles at large transverse momenta. Integrating over the phase space of one of the particles gives us the single inclusive cross section at forward rapidity, with y and p ⊥ defined as the rapidity and transverse momentum, respectively, of the produced hadron. We will then demonstrate that this matches the equivalent result from collinear factorization.
A. Single inclusive production in the small-x formalism For example, consider the 2 → 2 subprocess in the q → qg channel with the final state quark fragmenting into the hadron, q → h(y, p ⊥ ), as shown in Figure 1 . We integrate its cross section over the transverse momentum of the final state gluon by applying the delta function reflecting momentum conservation in the 2 → 2 subprocess, which results in the differential cross section for single inclusive hadron production:
The meanings of the variables x, τ , and ξ in this expression were given in Figure 1 ; they satisfy the kinematic relation x = τ /zξ, where τ =
. We also have C F = (N 2 c − 1)/2N c , and I and J are defined as
and S (4)
To compute the cross section in dAu collisions, we will use the same formula; we assume that we can just include the additional parton distributions from the neutron according to isospin symmetry.
At large transverse momentum k 2 ⊥ Q 2 s , we can expand the differential cross section from Eq. (1) in terms of Q 2 s /k 2 ⊥ , and find that it exactly reproduces the collinear factorization calculation. As a first step, keeping the leading power contributions, we obtain
where k ⊥ = p ⊥ /z as before, and the expressions for x a and x are given below in Eqs. (9) . The dipole gluon distribution is normalized according to the following equations:
where S ⊥ represents the transverse area of the target nucleus and x G(x , µ) is the integrated gluon distribution from the nucleus, with µ being the renormalization scale. In the small-x formalism, it is believed that µ Q s as explicitly shown in Ref. [17, 18] . Before demonstrating the matching to the collinear factorization, let us first take a closer look at the kinematics in the small-x formalism. For 2 → 2 processes, one can easily obtain the following exact kinematic relations from energy-momentum conservation (details are in appendix A):
where the kinematic variables are to be interpreted as shown in Fig. 1 . Strictly speaking, the small-x factorization derived in Ref. [17, 18] requires that the center-of-mass energy s → ∞ while x is kept large, which indicates that the forward rapidity y should also be kept large to maintain the relation (9a) between x, √ s, and y. In this limit, it is straightforward to see that x a → 0 as s → ∞. However, √ s is only 200 GeV at RHIC, which is not particularly large. In order to apply the small-x calculation to phenomenology, therefore, we need to pay attention to the kinematics and ensure that the small-x factorization is in fact applicable [28] .
In the analysis of the hybrid factorization in the small-x formalism, Ref. [17, 18] , what we have done is take k ⊥ to be in the vicinity of k g⊥ , which is of the order of the saturation momentum Q s or less when the gluon distribution F(k g⊥ ) is saturated. Under this assumption, one can approximately write x a x a = k ⊥ √ s e −y because the second term in Eq. (9b) vanishes. However, when k ⊥ Q s , as at high p ⊥ , this is no longer valid. We need to keep the second term of Eq. (9b) in the expression, and as a result, the natural kinematic condition x a ≤ 1 puts a constraint on ξ:
This keeps ξ less than 1, except at the single point k ⊥ = k g⊥ which makes a negligible contribution to the integral. In the limit k ⊥ k g⊥ , the above constraint becomes ξ ≤ 1 −x a . Here we are adopting a kinematical constraint on the hard factors at NLO, which is similar to the kinematical constraint discussed in Ref. [28] for small-x evolutions.
In practice, we implement this constraint by limiting the integrals over k g⊥ in Eqs. (6) and (8) 2 to the region R, defined as the set of all k g⊥ ∈ R 2 which satisfy
which is a circle in k g⊥ space centered on k ⊥ . This condition follows directly from, and is equivalent to, x a ≤ 1, using the definition of x a in Eq. (9b). Accordingly, the integrals cover all kinematically allowed values of k g⊥ .
B. Connection to collinear factorization
The above identifications are key to connecting the small-x calculations with those in the collinear factorization calculations. In the collinear factorization calculations, we have the differential cross section from the 2 → 2 subprocess contribution as
where the scattering amplitude squared is
To compare to the small-x calculation, we will apply the following kinematic identities:
Substituting the above equations, we will obtain the differential cross section contribution as
where x is defined in Eq. (9c). This is exactly the same as Eq. (6), the leading power expansion of the small-x calculation at large transverse momentum, for given µ in the large N c limit. Evidently, keeping the complete kinematics as shown in Eqs. (9) and thereby restricting x a to be less than 1 allows us to match the small-x factorization result to the collinear factorization calculations.
C. Numerical results from combined channels
We have now established that at large k ⊥ , the following formula matches the small-x factorization calculation to the collinear factorization calculation:
We can now use this formula to compute the high-p ⊥ spectrum for the q → q channel. Similarly, for the g → g channel, we can compute accordingly, in the large N c limit,
To build a complete and systematic connection between the collinear factorization and saturation formalism at high transverse momentum limit, let us continue to examine all the possible channels included in the collinear factorization and comment on their corresponding contributions in the saturation formalism. At sufficiently high energy, it is well-known that the t-channel gluon exchange graphs dominate the cross section [29] , which allows us to neglect the channels in which q orq are exchanged, such as the→ gg and gg →channels. With the t-channel gluon exchange in mind, one should compute the→, gq → gq , qg → qg and gg → gg channels in the collinear factorization. Here we use q, g to denote incoming partons from the projectile proton, while q , g represent partons from the target nucleus. As demonstrated above, after using the same kinematics, we can find agreement between the collinear factorization result for qg → qg and the NLO saturation result for q → q, and also between the collinear gg → gg result and the g → g channel in the saturation formalism. Furthermore, we find that the→and gq → gq channels in the collinear factorization correspond to the leading order q → q and g → g contributions in the small-x formalism, respectively. Finally, the off-diagonal channels q → g and g → q(q) in the saturation formalism, which are always positive and numerically negligible, are related to the→ gg and gg →channels in the collinear factorization.
At the end of the day, we can sum up all the contributions in the large p ⊥ limit and compare with the BRAHMS data for y = 2.2 and y = 3.2 in dAu collisions at √ s = 200 GeV as shown in Fig. 2 . In the same figure, we also plot the LO and NLO results computed from the small-x formalism. We see that the curve with the exact kinematics, which matches the collinear factorisation results, agrees with the data when p ⊥ Q s , while it overpredicts the data in the p ⊥ Q s region. This is expected since the perturbative expansion starts to fail in the p ⊥ Q s regime, where the saturation formalism takes over and provides decent agreement with the data. More specifically, we can see that the matching point is around p ⊥ 1 GeV for η = 2.2, and it gets up to p ⊥ 1.5 GeV for η = 3.2, due to decreasing x a and increasing saturation momentum Q s . As shown in Fig. 3 , it is then natural to see that the small-x calculation always gives a good description of the data up to the end of the spectrum for η = 4, while the perturbative result with the exact kinematics overpredicts the data until p ⊥ gets to around 2 GeV. In addition, we can see that due to the additional positive definite 2 → 2 contributions from the q → q and g → g channels with the exact kinematics, the perturbative curves with the exact kinematics are now always larger than the LO curves.
III. SUMMARY AND DISCUSSIONS
In conclusion, we have demonstrated that the saturation formalism expression for forward inclusive hadron production in pA collisions in the large transverse momentum region can be matched to the corresponding collinear factorization result. This matching can help to extend the NLO small-x calculation to the large transverse momentum region. Following this idea, we have proposed the use of the exact kinematics to properly describe available data at large transverse momenta, while the small transverse momentum region can still be accurately described by the full NLO small-x calculation. [19, 30] , as well as the large p ⊥ perturbative results with exact kinematics, at y = 4. As in Fig. 2 , the edges of the bands show µ 2 = 10 GeV 2 and 50 GeV 2 .
